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The concept of equi-axial transformations is proposed to characterize conformational changes of flexible
compounds such as the inversion of ammonia and the ring-flipping of 1,3,5-trioxane. In order to discuss the
symmetries of the equi-axial transformations, pseudo-point groups are introduced after the definition of a pseudo-
dihedral rotation. Pseudo-point groups are classified into anisoenergetic and isoenergetic groups. In the light of
this classification, orbits generated by a pseudo-point group are characterized by the concept of chronality, which
is defined by examining coset representations. Thus, the terms homochronal, enantiochronal, and hemichronal
are coined for the characterization of orbits. The enumeration methods of the USCI (unit-subduced-cycle-index)
approach are applied to the ammonia and 1,3,5-trioxane cases by using the pseude-point group D3h.

The Pélya—Redfield theorem'? and the Read-
Redfield theorem?®® have long been standard meth-
ods for combinatorial enumeration. Their applications
to chemistry have been summarized in books*® and
a review.®) An alternative method based on double-
cosets has been used for the same purpose.” Since all of
the methods give isomer numbers concerned only with
molecular formulas, methods for more detailed enumer-
ation have later been developed. The latter have, thus,
provided us with itemized enumeration regarding both
molecular formulas and symmetries, where they are
based on utilizing mark tables,® on combining double
cosets and framework groups? and on combining mark
tables and double cosets.'®

We have recently presented the USCI (unit-subduced-
cycle-index) approach,''? which enables us to carry
out itemized enumeration of compounds with respect
both to molecular formulas and to symmetries. The
USCI approach provides us with four versatile methods:
(1) a generating-function method based on subduced cy-
cle indices,'V (2) a generating-function method based
on partial cycle indices,'*!? (3) a method based on the
elementary superposition theorem,'*) and (4) a method
based on the partial superposition theorem.*¥) Compar-
isons among the four methods have been reported for
the enumeration of digraphs.!® Mathematical founda-
tions of the USCI approach have been discussed by com-
paring cosets with double cosets.'®

The methods of the USCI approach have been applied
to isomer enumerations of rigid skeletons!'”—'® and
of skeletons with rotatable substitution positions.2%2V
We have also reported another approach for treating
skeletons with rotatable substitution positions; the ap-
proach is based on the concepts of proligands and pro-
molecules, where chiral and achiral ligands are taken
into consideration.??—2% In all of the cases, the symme-
try of a skeleton is represented by a point group, either
directly or after some conceptual transformation.

On the other hand, there still remain such nonrigid
compounds that require groups other than point groups,
e.g., ammonia, 1,3,5-trioxane, and cyclohexane. Al-

though enumeration of cyclohexane derivatives has been
reported by Leonard et al.,?>2% their ring-flip-rotation
operator (Rg) is effective only for cyclohexane deriva-
tives. An alternative method reported by Flurry?™?® is
based on an isodynamic operator which has been pre-
sented by Altmann.?® The isomer numbers derived by
the previous methods are concerned only with molecu-
lar formulas, since they are based on the Pélya—Redfield
theorem.

The purpose of the present paper is to give a foun-
dation to the itemized enumeration of such nonrigid
compounds as ammonia, 1,3,5-trioxane and cyclohex-
ane. We propose the concepts of equi-axial transfor-
mation and of pseudo-point groups for describing such
processes as the inversion of ammonia. For obtaining
itemized results with respect to both molecular formu-
lae and symmetries, we have to clarify a group-subgroup
relationship and to prepare a mark table and a USCI
table for a pseudo-point group to be considered.

Results and Discussions

1 Theoretical Foundations. 1.1 Equi-Axial
Transformations and Pseudo-Point Groups. Let
us consider the inversion of ammonia as shown in Fig. 1
(1a=21b). This inversion has several symmetrical fea-
tures. (1) The Cs-axis of the molecule can be considered
to be fixed during the process of the inversion. (2) The
symmetry of the starting molecule (1a) is the same as
that of the product molecule (1b). (3) The position
of the nitrogen atom is invariant during the inversion.
Since the first feature can be referred to as being equi-
azial, such a transformation is called an equi-azial trans-
formation.

We here consider a pair of molecules (1a and 1b)
whose substitution positions are numbered from 1 to
3. It should be noted that we distinctly use the terms
compound and molecule; thus, ammonia as a compound
is considered to consist of a pair of molecules. The
pair coincides with itself on the action of the twelve
symmetry operations of group Cs,, i.e.,
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Fig. 1. The definition of the operation C'Q' for the am-

monia skeleton.

C3v = {I7C3v03270v(1)70v(2)a0v(3)}7 (1)

where each symmetry operation is considered to act on
each fixed molecule (A or B) of the pair. However,
additional operations should be introduced to treat the
inversion. Since the inversion process possesses the sym-
metrical features described above, we can introduce a
pseudo-dihedral rotation ( Cj-operation) which is a com-
bination of rotation and exchange (A=B), as shown in
Fig. 1. We coin the symbol C’z’ for emphasizing its ap-
parent similarity to the C'y-operation of the group Dsp,.
Thus, the pseudo-dihedral rotation comes from the ap-
parent consideration of a C» axis (called a pseudo-dihe-
dral azxis) perpendicular to the major C3 axis.

By using the operation C’Q’, we obtain the set Dy,
where the Cj-operation is numbered to be 6'2’ 1 for dis-
tinguishing from other generated operations of the same
kind.

Dsj, = Csy + Ch1) Cho, (2)

= {17 C37 C§7 Ou(1)s Ov(2)) Ou(3)s
Ca1y, Ca2y» Ciay, 61y S3, 53 1, (3)

where each operation with a hat symbol is defined by
the following equations:

Ch2y = C51)Cs, Chay = Ch1)C3,
on = Cayouqr), S3 = Co1y0u2), S5 = Co1)0u(3)-

The set D3h is a group which is isomorphic to the
point group D;,. Such a group as Djsp is called a
pseudo-point group, since the intersection between the
axis of an equi-axial transformation and the newly-de-
fined pseudo-dihedral axis is presumed to be a fixed
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point. The introduction of the pseudo-dihedral rota-
tion Cj produces a set of operations which are called
pseudo-rotations, e.g., C2’(1)C3,, in the example de-

scribed above.

The subgroups of f)gh are obtained as follows, where
an appropriate representative of each set of conjugate

subgroups is listed.

C, = {1}, (4a)
G = {I, ééa)} ) (4b)
C, ={I,o,}, (4c)
Cs = {1,6n}, (4d)
Cs = {1,C5,C3}, (4e)
G, = {I, ééaav(l),&h} ) (4f)
C3, = {I, Cs,CgaUv(l)vUv@)’Uv(S)} ) (4g)
Can = {I,C5,C3,6n, 55,53}, (4h)
D; = {I, 03,03,05(1)76'5(2),05(3)}v (4i)
Dy, = {I,Cs,Cg,Uv(l),Uv(Q),Uv(s)v
éé(l)’C’é(z),éé(s)»&h,gs,s'g}- (4j)

These are the members of a non-redundant set of sub-
groups (SSG)!? for the pseudo-point group Dsy,.

SSGD% = {Cl, CZ, Cs, é’s, Cs, C'zu, Csy, C3h,b3,b3h} . (5)

The operation C} is useful to describe the ring-flip-
ping of 1,3,5-trioxane, as shown in Fig. 2. Since the fixed
conformer 4a or 4b belongs to Cs,, the same pseudo-
point group Dj;, can be used to characterize the sym-
metry of the conformational change of 1,3,5-trioxane.
Thus, the six positions, axial and equatorial, are in-
terchanged with each other on the action of the group
Dgy,.

Pseudo-rotation operations are classified into proper
rotations and improper rotations, just as rotations
(usual symmetry operations) are classified into either.
Figure 3 illustrates the operation 6’2’(2) as an example
of a proper pseudo-rotation, where the symbol Q rep-
resents a chiral proligand.?® On the other hand, the
operation 6 depicted in Fig. 4 is an improper pseudo-
rotation, where the symbol Q represents a chiral proli-
gand which is an antipode of the proligand Q.

1.2 Anisoenergetic and Isoenergetic Groups.
In this subsection, the preceding discussion is extended
to a general case. Let G be a group. Suppose that an
operation §(¢ G) satisfies §G=G g and gg=1I (identity).
Then, the following set G:

G=G+§G (6)

can be easily proved to be a group. When G is a point
group, the resulting group G is called a pseudo-point



November, 1994]

2
i j? /{:{é
0]
1 O P emm— 4 O
\%E?a === S 3
5
4 4a 6 4b

l rotation

6
4 5 .
ooy Wt
3
5a

\AZB

6
0 /4‘?%
0
4 O —_— 1 (0]
\%WS P— o 3
3
1 6a 2 6b

Fig. 2. The definition of the operation Cj for the
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Fig. 4. The operation 6} for a 1,3,5-trioxane derivative.

group. The generator g is called a pseudo-rotation op-
erator in the present context; as a result, each operator
contained in the coset §G is also called a pseudo-rota-
tion. The group Dj3;, described in the preceding subsec-
tion is an example of this type of group, wherein g=€12’
and G=Cj3,.

When the resulting group G acts on a pair of
molecules, the starting molecule is energetically equiv-
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alent to the product one. More clearly speaking, the
two molecules are homomeric or enantiomeric to each
other. Accordingly, the group G is called an isoen-
ergetic group. On the other hand, the group G acts
on a pair of molecules so that the starting molecule is
energetically different from the product molecule. In
other words, the two molecules are diastereomeric to
each other. Hence, we call the group G an anisoener-
getic group.

In the light of the criterion of determining anisoener-
getic and isoenergetic groups, the subgroups of D3, are
classified into anisoenergetic groups (Ci, Cs, Cs, and
Cgv)Aand isoenergetic groups (C’z, C,, Cy,, Csp, D3,
and Dgh).

It should be noted that a pair of molecules can be-
long to an anisoenergetic group G even in a flexible
state. This point will be discussed in detail by using
illustrative examples.

1.3 Orbits for Pseudo-Point Groups. We have
previously reported that the substitution positions of
a molecule can be classified into orbits, each of which
is governed by a coset representation.!''?2% Without
any group-theoretical modification, we are here able to
extend this formulation to treat the group G defined
in the preceding subsection. Thus, the substitution po-
sitions of an equilibrated pair are classified to orbits,
each of which is governed by G(/G;) where G; is an
anisoenergetic or isoenergetic subgroup of G.

For the assignment of an orbit to the corresponding
coset representation, we have used a mark table, which
has been prepared for each point group.!? This holds
true for cases concerned with pseudo-point groups. The
mark table for f)3h can easily be obtained as shown in
Table 1, since Djy, is isomorphic to Dsj, 3132

Let us consider the three substitution positions of the
ammonia pair (la=1b). They generate an orbit having
a fixed-point vector (FPV),'V i.e.,

FPV =(3,1,1,3,0,1,0,0,0,0),

each value of which is obtained by counting fixed po-
sitions on the action of the corresponding subgroup.
Since the FPV is equal to the Dsp(/Cs,)-row of Ta-

Table 1. Mark Table for the Group Dy,

>

C, & C, C, Cs Coy Cs, Csn D3 Dy
Dsp(/Cy) 12 0 0 0 0 0 0 0 0 0
Dsn(/C2) 6 2 0 0 0 0 0 0 0 O
Dsp(/C) 6 0 2 0 0 0 0 0 0 0
Dsn(/Cs) 6 0 0 6 0 0 0 0 0 O
Dsp(/C3) 4 0 0 0 4 0 0 0 0 0
Dyn(/Cxw) 3 1 1 3 0 1 0 0 0 0
Dsn(/Cs) 2 0 2 0 2 0 2 0 0 0
Dsn(JCsn) 2 0 0 2 2 0 0 2 0 O
Dsn(/Ds) 2 2 0 0 2 0 0 0 1 0
Dsn(/Dsp) 11 1 1 1 1 1 1 1 1
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ble 1, the orbit is determined to be governed by the
coset representation Djsp(/Cs,). On the other hand,
the FPV for the six substitution positions of the 1,3,5-
trioxane pair (4a=4b) is calculated to be

FPV =(6,0,2,0,0,0,0,0,0,0),

which is compared with the corresponding row of Ta-
ble 1, showing that the orbit is governed by Dgh( /Cs).

1.4 Chronality. We have previously proposed
the concept of chirality fittingness (sphericity),?® where
we use chiral and achiral groups for classifying or-
bits into homospheric, enantiospheric, or hemispheric
ones.'?) Equation 6 that determines anisoenergetic and
isoenergetic groups has the same mathematical form as
the counterpart determining chiral and achiral groups.
Hence, a concept parallel with the sphericity is expected
to exist in the present case.

As a mathematical analogy to the sphericity concept,
we here propose the concept of chronality which defines
terms for characterizing orbits (homochronal, enantio-
chronal and hemichronal). Let G be an isoenergetic
pseudo-point group and H an isoenergetic subgroup of
G. Suppose that G is an anisoenergetic subgroup of G
and that H is an anisoenergetic subgroup of G.

1. An orbit governed by G(/H) is defined as being
homochronal.

2. An orbit governed by G(/H) is defined as being
enantiochronal.

3. An orbit governed by G(/H) is defined as being

hemichronal.
The terms with the suffix chronal are coined because
inversions and conformational changes are time-depen-
dent phenomena. We use the term chronality to refer
to the three categories. R

Suppose that the groups (G, G, H, H) satisfy Eq. 6
as well as the following equation,

H=H+§H. (7)

Then, the group G is a maximum anisoenergetic sub-
group of G; and H is a maximum anisoenergetic sub-
group of H. We obtain |G|=2|G| and |H|=2|H].

Let us consider a homochronal orbit governed by
G(/H). When the global symmetry G is restricted
into G, the process is represented by the following sub-
duction.

G(/H)| G = G(/H). (8)

This equation is mathematically equivalent to the equa-
tion proved for characterizing homospheric orbits (Eq.
11.6 in Ref. 12), though their chemical meanings are dif-
ferent from each other. The subduction (Eq. 8) means
that, when the symmetry of the equilibrated pair repre-
sented by G is restricted to G, no splitting of the orbit
occurs.

The three substitution positions of the ammonia pair
(1la=21b) belong to an orbit governed by Dsj(/Cay),
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as shown in the preceding subsection. This orbit is re-
stricted in the light of the following subduction.

Din(/Cay) | Cap = C3(/Cs). 9)

Thus, the three positions are equivalent in an equili-
brated pair as well as in a frozen pair.

Let us next consider an enantiochronal orbit governed
by G(/H), where the global symmetry G is restricted
into G. This process is represented by either of the fol-
lowing subductions.

G(/H)| G=2G(/H) (10)
G(/H)| G =G(/H)+ G(/H'). (11)

In the latter equation, the group H is conjugate to H
within G but no longer conjugate after the restriction
to G. These equations are mathematically equivalent to
the equations proved for characterizing enantiospheric
orbits (Egs. 10.6 and 10.7 in Ref. 12). Hence, Egs. 10
and 11 mean that the splitting of the orbit occurs under
the subduction.

The six substitution positions of the 1,3,5-trioxane
pair (4a=4b) generate an orbit governed by Ds,(/Cy).
This orbit is restricted in the light of the following sub-
duction.

Dsn(/Cs) | Csy = 2Csy(/Cs). (12)

This equation means that the six positions equivalent
in the equilibrated pair are fixed to split into two halves
(axial and equatorial positions) under freezing.

Equations 10 and 11 can be summarized as a theo-
rem. This theorem is the counterpart of Theorem 10.1
of Ref. 12 that deals with the concept of enantiospheric-
ity.

Theorem 1. An enantiochronal orbit is capable
of separating into two hemichronal orbits of the same
length under a frozen environment.

The phenomenon based on Theorem 1 is referred to
by the term pro-anisoenergeticity. Thus, a pro-anisoen-
ergetic compound is defined as an isoenergetic pair that
has at least one enantiochronal orbit. The following
terms are coined by analogy with prochirality.'?

pro-anisoenergetic-I - - - enantiochronal
. . ) pro-anisoenergetic-II - - - enantiochronal
1soenergetic
+ homochronal
para-isoenergetic - - - homochronal
anisoenergetic - - - hemichronal

Ammonia itself is a para-isoenergetic compound,
since it has homochronal orbits, i.e., D3 (/Csy) for
the three hydrogen atoms and D3h(/.b3h) for the ni-
trogen atom. On the other hand, 1,3,5-trioxane is a
pro-anisoenergetic compound of type II, since it has an
enantiochronal orbit (Dsp(/Cs)) for the six hydrogen
atoms and two homochronal orbits (both D3, (/Csy,))
for the three carbons and for the three oxygen atoms.

2 Enumeration based on Pseudo-Point Groups.
2.1 Ammonia Derivatives. Since the group
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Ds;, and the point group Dsy, are isomorphic to each
other,3'%? they have mark tables and subduction ta-
bles with the same mathematical meaning. Moreover,
they are common in the fact that their symmetrical
properties are characterized by the concept of spheric-
ity. However, the former group D3, has an additional
chemical meaning that stems from the chronality con-
cept proposed in the present paper. In order to exem-
p}ify the dual character of D3y, the subduction of the
Dsp,(/ Csy)-orbit is concretely written as follows.

Dsn(/C20) | €1 =3Ci(/Ch) b (13a)
Dsn(/Ca0) | €2 = Ca(/C1) + Ca(/C2) biby (13b)
Dsn(/Csy) | Cs = Cs(/C1) + Cs(/Cs) aica (13c)
Dsn(/Cay) | Cs =3Cs(/Cs) ai  (134d)
Dsp(/Ca0) | Cs = C5(/Ch) bs  (13e)
D3n(/C2u) | Cav = Cou(/Cs) + Cau(/Cov)  araz (13)
D3n(/C20) | Cso = Cs4(/Cs) as  (13g)
Dsn(/C20) | Can = C31(/Cs) a3 (13h)
Dsn(/Co0) | Ds = D3(/ Co) bs  (13i)
Dsn(/C2v) | Da, = Dan(/ Cou) az  (13j)

The monomial shown in the end of each equation is the
corresponding unit subduced cycle index with chirality
fittingness (USCI-CF).3%

These results are applied to the enumeration of am-
monia derivatives, since the three positions of an am-
monia skeleton are governed by the coset representa-
tion Dj3,(/Ca,). Let us place three proligands on the
substitution of the ammonia pair (1a=1b), where the
proligands are selected from a set of three achiral proli-
gands (X, Y, and Z), three chiral proligands (P, Q, and
R), and their antipodes (P, Q, and R). We obtain the
following inventories for this enumeration:

ar =z +y* + 25, (14a)
be ="+ + 25+ 40"+ + T+, (14b)
ok =z +y* + 2" + 2(0p + g7 +17), (14c)

where each small letter in the right-hand sides corre-
sponds to the replacement of a proligand of its capital
letter. They are substituted for the dummy variable
of subduced cycle indices (SCI-CFs), which are equal
to the unit subduced cycle indices (USCI-CF's) because
only one orbit is involved in this case.

C. B=(+y+z2+p+p+q+q+r+7)>, (15a)

& b =(z+y+ztptptqtitr+n)
X($2+y2+22+p2+ﬁ2+q2+(jz+7'2+?2),(15b)

Cs aico= (m+y+z)[x2+y2+z2+2(p]')+q¢7+r?)], (15¢)
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C, dd= (z+y+z)3, (15d)

C; b=+’ +22 42+ +E+ T+ +7, (15e)

Coy araz = (z+y+2)(a° +y° +2°), (15f)
Csy az=2z°+9>+2° (15g)
é3h as = z° + y3 + Z3, (151’1)

Dy bs=a®+y°+22+p°+5° ++ @ +r°+7°, (150)
(15j)

After expansion of each of these equations (Egs.
15a—15j), we collect the coefficients of resulting mono-
mials to construct Table 2. For simplicity’s sake, we
tentatively select a representative from a set of equiv-
alent monomials; for example, the term 23 is shown
as the representative of 2°, 3, and z3. It should be
noted that we count an enantiomeric pair once in the
present enumeration. The coefficient of the term for
such an enantiomeric pair should be doubled, as shown
by the symbol 2%. For example, the values of the z2p-
row are doubled in this way, since 22 p is a representative
of an enantiomeric pair 22p+z2p. On the other hand,
the isomer represented by the term zpp is a meso-com-
pound; hence, the corresponding row of Table 2 is not
doubled.®®

Table 2 is regarded as a matrix, which is multiplied
by the inverse of the mark table shown in Table 1. The
resulting matrix is found in Table 3, which involves the
number of isomers with a nomomial term and a given
symmetry at the corresponding intersection.

The pair appearing at the intersection between the
zpp-row and the C;-column is represented by the fol-
lowing scheme (Scheme 1).

Dgh as =:c3+y3+z3.

Table 2. Coefficients Calculated by Egs. 15a—15j

Term C; C; C. C. Cs Co Cs Ca D3 Dy
2 1 1 1 1 1 1 1 1 1 1
z2y 3 1 1 3 0 1 0 0 0 0
zyz 6 0 0 6 0 O O 0 O O
z2p 23 2«1 0 0 O O O O 0 O
zyp 26 0 0 0 O 0 0 0 0 0
zp? 2%3 21 0 0 O O O O 0 O
zpp 6 0O 2 0 0 O O 0 O O
zpg 2«6 0 0 O O O O O O O
p> 2x1 2«1 0 0 2«1 0 O 0 2x1 O
p’p 2¥3 2«1 0 0 O O O O 0 O
p’¢ 2x3 2«1 0 0O O O O O 0 O
pgr 2x6 0 0 O O 0 0 0 0 0
ppg 2«6 0 0 O 0O O O 0 O O

_P P_

S — s

x/v \x

10a 10b

Scheme 1.
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Table 3. Isomer Numbers Based on the Ammonia Pair
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Term C; C: Cs Cs C3 Co Cs, Csn Ds Dy

£ 0 0 0 0 0 0O 0 o0 0 1
zZy 0 0 0 0 0 1 0 0 0 o0
zyz 0 0 0 1 0 0O O O 0 O
zZp 0 1 0 0 0 0 0 0 0 0
zyp 1 0 O 0 O 0 0 0 0 0
zp? 0 1 0 O O O 0 0 0 0
zpp 0 0O 1 0O 0O O O O 0 O
zpg 1 0 0 O O O O O 0 O
p2 0 0 0 0 0 0O 0 0 1 0
p’» 0 1 0 0O O O O 0 0 0
p’¢ 0 1 0 0 O O O 0 0 0
pgr- 1 0 0O 0O O O O O 0 O
ppjg 1 0 0O O O O O O 0 O

The global symmetry of the pair (10a=10b) can be
discussed in the light of the fact that the group C; is
an anisoenergetic group. The starting molecule 10a and
the product molecule 10b belong to the point group C;
in their fixed forms; hence, they are both achiral, be-
ing meso-forms. They are diastereomeric to each other,
though they are interchanged under equilibrated condi-
tions. Even if we take account of an inversion between
them, there appear no additional operations that super-
pose them. This corresponds to the fact that the group
C; is anisoenergetic.

The pattern of substitution for the pair (10a=10b)
is in rigorous accordance with the subduction repre-
sented by Eq. 13c; thereby, it can be discussed by means
of the chronality concept. Thus, the substituents P
and P in the pair belong to a two-membered C,(/C})-
orbit which is hemichronal and enantiospheric. The
hemichronal nature reveals that the PP pair in 10a is
diastereomeric to the counterpart in 10b, though they
are interchanged under equilibrated conditions. The
enantiospheric nature corresponds to the fact that P
and P are both chiral and enantiomeric in isolation,
becoming enantiotopic when incorporated.®® The sub-
stituent X in the pair (10a=10b) constructs a one-
membered C,(/Cs)-orbit. The hemichronality of the
C;(/C;s)-orbit indicates that the X in 10a is diastereo-
meric to the X in 10b. At the same time, the homo-
spheric nature of the orbit determines the X to be achi-
ral.

On the other hand, the pair appearing at the intersec-
tion between the zyzrow and the C,-column in Table 3
is represented by the following scheme (Scheme 2).

The global symmetry of the pair (11a=11b) can be
discussed in the light of the fact that the group C; is

X. .'X
Y\ N /Y
W \,

11a 11b

Scheme 2.
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an isoenergetic group. The starting molecule 11a and
the product molecule 11b belong to the point group
C} in their fixed forms; hence, they are both chiral un-
der frozen condition, being enantiomeric to each other.
When we take into consideration an inversion between
them, an additional operation superposing them is so
generated that it constructs the group Cs={I, &1}

The pattern of substitution for the pair (11a=11b)
is in accordance with the subduction represented by
Eq. 13b. Each substituent (X, Y, or Z) in the pair be-
longs to a one-membered C;(/Cs)-orbit which is enan-
tiochronal and homospheric. The enantiochronality of
the orbit indicates that the X in 1la is enantiomeric
to the X in 11b. At the same time, the homospheric
nature of the orbit determines the X to be achiral.

2.2 1,3,5-Trioxane Derivatives. The next prob-
lem is the enumeration of 1,3,5-trioxane derivatives with
achiral subsituents H and X. Since the six-positions of
the 1,3,5-trioxane pair (1a=21b) generate an orbit gov-
erned by Djs,(/Cs), we take account of the following
subductions.

D3n(/Cs) | CL=6C1(/Ch) 8 (16a)
Dsp(/Cs) | €2 =3C(/Ch) 3 (16b)
Dsp(/Cs) | Cs =2Cs(/C1) +2Cs(/Cs)  s3s3 (16¢)
Dsn(/Cs) | €5 =3Cs(/Cn) s3 (16d)
Dsp(/Cs) | Cs=2C3(/Ch) s3 (16€)
Dsn(/Co) | Coy = Cou(/CL) + Cau(/C) 5254 (16f)
Dan(/Cs) | Csy = 2Cs0(/ Cs) s§  (16g)
D3n(/Cs) | Can = Csn(/Ch) s6 (16h)
Dsn(/Cs) | Ds = Ds(/Cy) s (16i)
Dsi,(/Cs) | Dsh = Dsn(/Cs) s6 (16j)

The monomial shown in the end of each equation is the
corresponding unit subduced cycle index (USCI).'") We
use the following inventory for the enumeration:

sk =1+2", (17)

where z corresponds to the replacement of X. It is sub-
stituted for the dummy variables of subduced cycle in-
dices (SCIs), which are again equal to the unit subduced
cycle indices (USCI) because only one orbit is involved
in this case.

C 82 =1+ (18a)
¢ s3=(1+2%3, (18b)
Cs sis3=(1+4+2)*(1+2%)? (18c)
C.  s3=(1+z3% (18d)
Cs  s%2=(1+2%2, (18e)
Coy 5284 = (1+2%)(1+ ), (18f)
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Csy s5=(1+2%?% (18g)
Csn se=1+ab, (18h)
Ds  sg=1+25 (181)
D3, s¢ =142, (18j)

Equation 18a—18j are expanded to give Table 4,
which is regarded as a matrix. Then it is multiplied
by the inverse of the mark table shown in Table 1. The
resulting matrix is found Table 5, which involves the
number of isomers with a monomial term and a given
symmetry at the corresponding intersection.

Figure 5 illustrates three 1,3,5-trioxane derivatives of
C,-symmetry. The starting molecule and the product
molecule of each pair belong to the point group Cs in
their fixed forms. When we take account of a flipping
between them, there appear no additional operations
that superpose them.

Since the group C; is an anisoenergetic group, the
starting molecule and the product one in each pair of

Table 4. Coeflicients Calculated by Eqs. 18a—18;j

Term C; €, Cs €, C; Ci Cs Csn Ds Dap
12 11 1 1 1 1 1 1 1 1
z¢z® 6 0 2 0 0 0 O 0 0 O
2z 15 3 3 3 0 1 0 0 0 0
2 20 0 4 0 2 0 2 0 0 0
Table 5. Isomer Numbers Based on the 1,3,5-Trioxane
Pair
Term C, € C, €. C:3 Cy Csp, Csn D3 Dsy
12 o0 o o 0 O O O O 0 1
zz® 0 0 1 0 0O O O O 0 ©
z2zt 0 1 1 0 0 1 0 0 0 o0
2 1 0 1 0 0 0 1 0 0 O
b
X o
O b O /IV (3
He z, C,
H*  192a e 12b
" X
0] | X
H 0 ?( H“/&O (I)P
0 (]
H !, C,
H* 132 B 13b
b X
O i ¥
e N
. 0 H
HY zT, Cs
X 14a ®* 14b

Fig. 5. 1,3,5-Trioxane derivative of Cs.
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Fig. 5 are diastereomeric to each other. In other words,
they are energetically different, though they are inter-
changed under equilibrated conditions. The conforma-
tional change represented by the pair (12a=12b) has
been recognized as an axial-equatorial conversion. The
introduction of the anisoenergeticity provides us with a
systematic tool for characterizing the symmetrical prop-
erties of such conversions.

Moreover, the chronality concept derived from (an)-
isoenergeticity gives more detailed information, Equa-
tion 16¢ indicates that every 1,3,5-trioxane derivative
of C,-symmetry has two two-membered C;(/C1)-orbit
and two one-membered C,(/C;)-orbits. This predic-
tion holds true for each pair shown in Fig. 5. For exam-
ple, two H®s and two H°s, respectively, construct such
two-membered orbits. These two orbits are differenti-
ated by the fact that they take cis- or trans-situation
with respect to the X substituent. The situation is not
changed under equilibrated conditions. The X (and H*)
generates a one-membered orbit.

The two Hbs are equatorial in the starting molecule
(12a), while they are axial in the product molecule
(12b). They are interchangeable and discussed by
means of a single C,(/C)-orbit in the present paper.
The energetical difference under frozen conditions stems
from the fact that the C;(/Cy)-orbit is hemichronal.

Figure 6 illustrates three pairs corresponding to the
72 row of Table 5, where the pair (13a=13b) shown in
Fig. 5 is duplicated for the consistency of discussion.

The C,-symmetry of pair (15a=15b) should be em-
phasized, since the pair has the corresponding antipo-
dal pair that involves the antipode of 15a and that of
15b. Note that 15a and 15b are homomeric, while the
antipode of 15a is homomeric to that of 15b. The an-
tipodal pairs are chiral and not racemized whether ring
flipping occurs or not. This is because C, is a chiral

Y)O/K

o5~ N

15a X 15b

X
X
O
T Vog&o
2, C,
13a : 13b
X
O
~_-0 /% /\
X X [0}
6]
\/ 22’ azu O/\
X 16a 16b

Fig. 6. Disubstitued 1,3,5-trioxane derivatives.
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and isoenergetic group.

The two X-atoms of the pair (15a=15b) belong to a
two-membered orbit governed by Cy(/Cy). This orbit
is enantiochronal so that each X is fixed to either an
axial or an equatorial position under frozen conditions.

The pair (16a=16b) is an example of Cy, which is
an achiral and isoenergetic group. The two X-atoms of
the pair belong to a two-membered orbit governed by
C’gu(/Cs). This orbit is enantiochronal, so that each
X is fixed to either an axial or an equatorial position
under frozen conditions.

Conclusion

Equi-axial transformations and pseudo-point groups
are formulated for the characterization of the symme-
tries of flexible compounds. The theoretical framework
concerning chirality fittingness (sphericity) proposed
previously by us®® can be applied to the present cases
after changing its chemical meaning. Thus, pseudo-
point groups are classified into anisoenergetic and isoen-
ergetic groups as well as into chiral and achiral groups.
In the light of the former classification, orbits gener-
ated by a pseudo-point group are characterized by the
concept of chronality which is the counterpart of the
sphericity concept. The concept of pro-anisoenergetic-
ity is introduced as an analogy to the prochirality con-
cept and applied to the classification of nonrigid com-
pounds. The subduction of coset representations and
the enumeration methods of the USCI (unit-subduced-
cycle-index) approach are applied to the pseudo-point
groups. These applications are exemplified by the com-
binatorial enumerations based on ammonia and 1,3,5-
trioxane skeletons.
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